I. INTRODUCTION
In the SJM, 1 the total energy of a cluster with jellium radius R =r 1/3 s N * is given by
+ (ε M +w R ) dr n + (r).
The first and second terms in the right hand side of Eq.(1) are the non-interacting kinetic and the exchange-correlation energies, respectively and
All equations throughout this paper are in atomic units (h = e 2 = m = a 0 = 1) unless otherwise explicitly expressed. n + (r) is the positive jellium background density, n + (r) =nθ(R − r) wheren = 3/4πr 3 s is the bulk density. The quantity δv WS is 1 the average of the difference potential over the Wigner-Seitz cell and the difference potential, δv, is defined as the difference between the pseudopotential of a lattice of ions and the electrostatic potential of the jellium positive background. Θ(r) takes the value of unity inside the jellium background and zero, outside. ε M andw R are the Madelung energy and the repulsive part of the pseudo-potential, respectively.
In the continuum approximation, the ground-state density, n R (r), of the neutral cluster is given by the solution of the Euler equation
In Eq (3), µ(R) is the chemical potential of electrons which is constant throughout the cluster for the exact ground-state density n R , and E kxc = T s + E xc . The ground-state density satisfies the costraint dr n R (r) = N * . Removing an electron from the neutral cluster gives rise to a new ground-state density n ′ R (r) = n R (r) + δn(r) with dr δn(r) = −1. The ionization energy is defined as the difference in the ground-state energies of the two systems with N * and (N * − 1) electrons which may be represented by the expansion
The first term in the right hand side of Eq. (4) is −µ(R) and in local density approximation for the kinetic and exchange-correlation energies we have
Here, ε kxc (n) is the sum of the bulk kinetic and exchange-correlation energies per electron at the density n. Choosing a spherical distribution 3 for δn(r)
and interpretting (R + a) as the centroid of the excess charge, ξ(r) satisfies the following two equations:
The simplest choice for ξ(r) which stisfies the above two constraints, is
Using the Eqs. (5)- (9) in the second term of the right hand side of the Eq. (4) one obtains
Since µ(R) is a constant, independent of r, for the exact ground-state density of the neutral cluster, n R (r), it is possible to evaluate it at a point deep inside the cluster where n R (r) =n. The density profile n R (r) and the potential φ R ([n R ], r) for large clusters can be expressed as corresponding quantities for the planar surface (i.e. R = ∞) plus a size
where x = r −R gives the distance from the jellium edge. At large distances from the jellium edge outside the cluster, we have f (+∞) = φ(+∞) = h(+∞) = 0, and for a point deep inside the cluster (x = −∞) we have n(−∞) =n, f (−∞) = 0. Hence Eq. (3) reads
Upon inserting Eq. (13) into Eq. (10) and using the definition of the work function of a planar surface in the SJM
where ∆φ = φ(+∞) − φ(−∞) is the electrostatic dipole barrier 6 , one obtains
where c = −h(−∞).
Equation (15) is also valid in the JM for which W is obtained by putting δv WS = 0 in Eq. (14) and recalculating ∆φ with the JM density profile. There are two methods 7, 8, 5 for calculating W and c called the "Koopmans' method" and the "change in self-consistent field (∆SCF ) method" which give the same results for the correct n(x), but the ∆SCF method has the advantage that its results are less sensitive to the exact density profile n(x).
However, in our calculations, all the quantities W , c, and a are obtained from fitting of our self-consistent ionization energies of the clusters to Eq. (15).
II. CALCULATIONAL SCHEME AND RESULTS
In this work, using the JM as well as the SJM with local spin-density approximation, 9 we have solved the self-consistent Kohn-Sham equations 10 and obtained the energies of neutral and singly-ionized N-atomic clusters of different sizes (2 ≤ N ≤ 100). The calculations have been performed for differentr s values of the jellium sphere (2 ≤r s ≤ 7) in steps 0.5 bohr.
For eachr s value, we have calculated the ionization energies Figure 1(a) shows the work function obtained for our SJM data and is labeled as SJM (1) because, in this paper we have called the Eq. (15) as scheme 1. To compare our results with the bulk calculation results , SJM(bulk), we have also plotted the data from table IV of Ref.
12. As is seen, our results show a good agreement with the bulk calculations results.
In Fig. 1(b) we have compared our JM (1) Here also the good agreement is obvious. In Fig. 1(d) , the values of the quantum size correction c for the JM(1) and the SJM (1) are compared. These two plots have two intersections. The one atr s ≈ 4.18 is obvious if we consider the dependence 4,5 of the quantity c on the density profile n(x)
The intersection atr s ≈ 2.5 is because of the improper behavior of the properties at high densities in the JM ( See for example Fig. 6(a) of Ref. 13 for the surface energy which becomes negative forr s < 2.5).
In Fig. 2(a) , we have shown the position of the centroid of excess charge, a, for the singly-ionized clusters as a function ofr s both for the JM(1) and the SJM(1). As is seen, both plots predict negative values which means that the centroid for a positively charged cluster lies inside the jellium [ the jellium surface is taken as the origin, see Eq. (6)].
This is consistent with our understandings that the excess charge in a metal resides on the surface. On the other hand, the JM(1) and the SJM(1) have opposite behaviors: the former is decreasing ( increasing in absolute value) and the latter is increasing ( decreasing in absolute value) and intersect each other atr s ≈ 4.18. The explanation of these opposite behaviors is straightforward: In simple JM, if we take the thickness of the jellium shell at the edge as λ, then the volume of this shell contains a unit charge (for singly-ionized clusters)
which gives
By Eq. (21), for a fixed R, in JM as r s increases, the position of the centroid moves inside from the edge towards the center of the jellium sphere. However, in the SJM, there exist two competing effects: On the one hand, as in the simple JM, because the jellium background is the same, increasingr s has the tendency to increase λ but, on the other hand, the SJM Kohn-Sham effective potential contains an extra term δv WS which is an increasing function ofr s ( See Table IV 
5.
A better approximation is obtained by using the z-th ionization energy
where we have used the Taylor expansion of the ground-state energy E R (N * −z) at N * −z+1.
The quantity ε (15) we call the resulting equation as scheme 2.
In Fig. 3(a) we have compared the work functions obtained in schemes 1 and 2. As is seen, the scheme 2 predicts lower values than the scheme 1 otherwise the shapes are the same. Finally, we introduce the scheme 3 which is obtained by putting a = 0 in Eq. (15) as Eqs. (1) 
